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1 Introduction and main results





$\zeta(k_{1}, k_{2}, \ldots, k_{n})=m>m_{2}>\cdots>m_{n}>0\sum_{1}\frac{1}{m_{1}^{k_{1}}m_{2}^{k_{2}}\cdots m_{n^{n}}^{k}}.$
$\sum k_{i},$ $n$ “ “, “ “ 2 2
2 $SL$2(Z) ([2,4])
$k$ 2 $\mathbb{Q}$ $k$ $SL_{2}(Z)$
Theorem 1. (Gangl-Kaneko-Zagier [2], Kaneko [4]) $k\geq 4$
$\dim\langle\zeta(r, k-r)|2\leq r\leq k-1\rangle_{\mathbb{Q}}\leq\frac{k}{2}-1-\dim S_{k}(1)$
$S_{k}(1)$ $k$ $SL_{2}(Z)$
1
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Theorem 1 $\Gamma_{0}(2):=\{(_{cd}^{ab})\in SL_{2}(\mathbb{Z})|c\equiv 0(mod 2)\}$
2 2 :
$\zeta^{oo}(r, s)=\sum_{m>n>0}\frac{1}{m^{r}n^{s}} (r\geq 2, s\geq 1)$ .
$m,n:odd$
Theorem 2. (Kaneko, T. [5]) $k\geq 4$ f
$\dim\langle\zeta^{oo}(2r, k-2r)|1\leq r\leq k/2-1\rangle_{\mathbb{Q}}\leq\frac{k}{2}-1-\dim S_{k}(2)$
$S_{k}(2)$ $k$ $\Gamma_{0}(2)$
Remarks of Theorems 1 and 2.
1. $k$ 2 $k-2$ Theorem 1 “ $k$ 2
$k-2-k/2+1+\dim S_{k}(1)(=k/2-1+\dim S_{k}(1))$
” $S_{k}(1)$
([2]). Theorem 2 ‘( $k$ 2 2
$\dim S_{k}(2)$ “
2 2 2
2. Theorem 1 2
$\mathcal{D}\mathcal{Z}_{k}=\langle\zeta(r, k-r)|2\leq r\leq k-1\rangle_{\mathbb{Q}},$
$\mathcal{D}\mathcal{Z}_{k}^{(2)}=\langle\zeta^{oo}(2r, k-2r)|1\leq r\leq k/2-1\rangle_{\mathbb{Q}}$
$\mathcal{D}\mathcal{Z}_{k}$ 2 6









$s$ $n$ $s$ ( )
:
$r_{s}(n) :=\#\{(x_{1}, x_{2}, \ldots, x_{s})\in \mathbb{Z}^{8}|n=x_{1}^{2}+x_{2}^{2}+\cdots+x_{s}^{2}\},$







$\Gamma_{0}(2)$ 7 $i\infty$ $0$ Eisenstein
( ). $\sigma_{k-1}^{i\infty}(0)=(1-2^{k})B_{k}/2k$ $(B_{k}$ :
Bernoulli ). divisor function
$\rho_{r,s}^{i\infty}(n)=\sum_{m=0}^{n}\sigma_{r}^{i\infty}(m)\sigma_{s}^{i\infty}(n-m) , \rho_{r,s}^{0}(n)=\sum_{m=1}^{n-1}\sigma_{r}^{0}(m)\sigma_{s}^{0}(n-m)$




$r_{8s}(n)=(-1)^{n} \frac{2^{4s}}{(4_{\mathcal{S}}-2)!}\sum_{l=2}^{S}\mu_{S}(l)(\begin{array}{ll}4s -22l- 1\end{array}) \rho_{4s-2l-1,2l-1}^{i\infty}(n) (n\geq 0)$ ,




Remarks of Theorem 4.
1. Theorem 4 Chan Chua ([1])
2. $Imamo\overline{g}lu$ Kohnen ([3]) Theorem 4 :
$\lambda,$ $\lambda_{l}\in \mathbb{Q}$
$r_{8s}(n)= \lambda\sigma_{4s-1}^{i\infty}(n)+\sum_{l=2}^{2s-2}\lambda_{l}\sum_{m=0}^{n-1}\sigma_{4s-2l-1}^{i\infty}(m)\sigma_{2l-1}^{0}(n-m)$ $($ $)$
$\circ$
i $\infty$ $0$ $\Gamma_{0}(2)$ Eisenstein $G_{k}^{i\infty}$ $G_{k}^{0}$
(1.1) ([3, Theorem 1]):






$\mu_{6}(2)=49605048/343,$ $\mu_{6}(3)=$ -77902500/343, $\mu_{6}(4)=$ 15741540/49,
$\mu_{6}(5)=-139785750/343, \mu_{6}(6)=74727180/343.$
2 Key Lemmas
Theorem 2 Theorem 4 Lemma 5 Lemma 6
Lemma 5. $k\geq 4$ $\{G_{k}^{i\infty}(\tau), G_{2r}^{i\infty}(\tau)G_{k-2r}^{i\infty}(\tau)|2\leq r\leq[k/4]\}$
$\mathbb{Q}G_{k}^{i\infty}(\tau)\oplus S_{k}^{\mathbb{Q}}(2)$




$M_{k}^{\mathbb{Q}}(2)=\mathbb{Q}G_{k}^{0}\oplus \mathbb{Q}G_{k}^{i\infty}\oplusS_{k}^{\mathbb{Q}}(2)$ Lemma 5 Lemma 6
2 double shuffle relation $r\geq$
$2,$ $s\geq 1$ 2 2 :
$\zeta^{oe}(r, s)=modd,neven\sum_{m>n>0}\frac{1}{m^{r}n^{S}}, \zeta^{eo}(r, s)=meven,nodd\sum_{m>n>0}\frac{1}{m^{r}n^{s}}.$
odd-odd 2 2 double
shuffle relation :
Proposition 7. $r,$ $s\geq 2$
$\zeta^{o}(r)\zeta^{e}(s)=\zeta^{oe}(r, s)+\zeta^{eo}(s, r)$
$= \sum_{i+j=k}(\begin{array}{l}i-1-rl\end{array})\zeta^{oe}(i, j)+\sum_{i+j=k}(\begin{array}{l}i-.l-ls\end{array})\zeta^{oo}(i, j)$ ,
$\zeta^{o}(r)\zeta^{o}(s)=\zeta^{oo}(r, s)+\zeta^{oo}(s, r)+\zeta^{o}(r+s)$
$= \sum_{i+j=k}((\begin{array}{l}i-1-r1\end{array})+(\begin{array}{l}i-1-1s\end{array}))\zeta^{\infty}(i,j)$ .
$\zeta^{o}(k)=\sum_{n>0:odd}n^{-k},$ $\zeta^{e}(k)=\sum_{n>0:eve}$ $n^{-k}$ $i+j=k$
$i,$ $j\geq 1$
Proposition 7 $r\geq 1$ $s\geq 1$ ( [5]).
$T$ 2 double shuffle relation
:
Definition 8. $k\geq 2$ $Z_{r,s}^{eo},$ $Z_{r,s}^{oe},$ $Z_{r}^{oo}{}_{s}P_{r,s}^{oe},$ $P_{r,s}^{oo}(r+$
$s=k,$ $r,$ $s\geq 1)$ $Z_{k}^{o}$ $\mathbb{Q}$ $\mathcal{D}_{k}^{(2)}$ :
$P_{r,s}^{oe}=Z_{r,s}^{oe}+Z_{s,r}^{eo}= \sum_{i+j=k}(\begin{array}{l}i-1-1r\end{array})Z_{i,j}^{oe}+\sum_{i+j=k}(\begin{array}{l}i-1-s1\end{array})Z_{i,j}^{oo}$ , (2.1)
$P_{r,s}^{oo}=Z_{r,s}^{oo}+Z_{\mathcal{S},r}^{oo}+Z_{k}^{o}= \sum_{i+j=k}((\begin{array}{l}i-1-r1\end{array})+(\begin{array}{l}i-1-1s\end{array}))Z_{i,j}^{eo}$ . (2.2)




Proposition 9. $k\geq 4$
(1) $\frac{1}{4}Z_{k}^{o}=\sum_{r=2}^{k-2}Z_{r,k-r}^{oo}.$
(2) $r:evenP_{2r,k-2r}^{oe}(r=1,2, \ldots, k/2-1)$ $P_{2r,k-2r}^{oo}(r=2,3, \ldots, [k/4])$ $Z_{k}^{o}$ $\mathbb{Q}$
Proposition 9 $\mathcal{D}_{k}^{(2)}$ :
$\langle P_{2r,k-2r}^{oe},$ $P_{2r,k-2r}^{oo},$ $Z_{k}^{o}|1\leq r\leq k/2-1\rangle_{\mathbb{Q}}=\langle P_{2r,k-2r}^{oo},$ $Z_{k}^{o}|2\leq r\leq[k/4]\rangle_{\mathbb{Q}}$ . (2.3)
Remark : $D_{k}^{(2)}$ $Z_{r,s}^{eo},$ $Z_{r,s)}^{oe}Z_{r}^{oo}{}_{s}P_{r,s}^{oe},$ $P_{r,s}^{oo},$ $Z_{k}^{o}$ $\zeta^{eo}(r, s),$ $\zeta^{oe}(r, s)$ ,
$\zeta^{oo}(r, \mathcal{S}),$ $\zeta^{o}(r)\zeta^{e}(s),$ $\zeta^{o}(r)\zeta^{o}(s),$ $\zeta^{o}(k)$ ) $\triangleright$ $2$ 2
( 2 2 double shuffle relation
). $\langle P_{2r,k-2r}^{oe},$ $P_{2r,k-2r}^{oo},$ $Z_{k}^{o}|1\leq r\leq k/2-1\rangle_{\mathbb{Q}}$ $\langle\pi^{k}\rangle_{\mathbb{Q}}$
Proposition 9
$e$ (resp. o) (resp. ) $\tau$
2 Eisenstein :
$G_{r,s}^{ABCD}( \tau):=\frac{1}{(2\pi i)^{r+s}} \sum_{m\tau+n>m’\tau+n’>0,m\in A,n\in B,m\in C,n\in D},,\frac{1}{(m\tau+n)^{r}(m’\tau+n’)^{s}}$
. (2.4)




$G_{k}( \tau);=\frac{1}{(2\pi i)^{k}}\sum_{m,n\in \mathbb{Z}}\frac{1}{(m\tau+n)^{k}}m\tau+n>0=\frac{\zeta(k)}{(2\pi i)^{k}}+\frac{(-1)^{k}}{(k-1)!}\sum_{n>0}\sigma_{k-1}(n)q^{n},$
$G_{k}^{i\infty}( \tau):=\frac{1}{(2\pi i)^{k}} \sum_{m\tau+n>0,m\in e,n\in 0}\frac{1}{(m\tau+n)^{k}}=\frac{\zeta^{o}(k)}{(2\pi i)^{k}}+\frac{(-1)^{k}}{2^{k}(k-1)!}\sum_{n>0}\sigma_{k-1}^{i\infty}(n)q^{n},$
$G_{k}^{0}( \tau):=\frac{1}{(2\pi i)^{k}} \sum_{m\tau+n>0,m\in 0,n\in \mathbb{Z}}\frac{1}{(m\tau+n)^{k}}=\frac{(-1)^{k}}{(k-1)!}\sum_{n>0}\sigma_{k-1}^{0}(n)q^{n}.$
$(k\geq 3)$ Lipschitz





Theorem 10. $k\geq 3,$ $k=r+s(r, s\geq 1, (r, \mathcal{S})\neq(1,1))$
$Z_{k}^{o}=G_{k}^{i\infty}(\tau), Z_{r,s}^{eo}=G_{r,s}^{eeeo}(\tau), Z_{r,s}^{oe}=G_{r,s}^{\infty ee}(\tau), Z_{r,s}^{oo}=G_{r,s}^{eoeo}(\tau)$ ,
$P_{r,s}^{oe}=G_{r}^{i\infty}(\tau)G_{s}(\tau)/2^{s}+\delta_{r,2}G_{S}(\tau)’/2^{s+3}s+\delta_{s,2}G_{r}^{i\infty}(\tau)’/8r,$
$P_{r,s}^{oo}=G_{r}^{i\infty}(\tau)G_{s}^{i\infty}(\tau)+(\delta_{r,2}+\delta_{s,2})G_{k-2}(\tau)’/8(k-2)$
double shuffie relation (2.1-2) $’:=q\cdot d/dq,$ $\delta$
$r,$ $s$ $\geq 1$ 2 Eisenstein Eisenstein
[5]
Proof of Lemma 5.
Lemma 5 Eisenstein
$G_{k}^{0}(\tau)=G_{k}(\tau)-G_{k}(2\tau) , G_{k}^{i\infty}(\tau)=G_{k}(2\tau)-2^{-k}G_{k}(\tau)$ .
$G_{2r}^{0}(\tau)G_{k-2r}^{i\infty}(\tau)=(2^{2r}-1)G_{2r}^{i\infty}(\tau)G_{k-2r}(\tau)/2^{k-2r}-G_{2r}^{i\infty}(\tau)G_{k-2r}^{i\infty}(\tau)$





$\mathbb{Q}G_{k}^{i\infty}\oplus\langle G_{2l}^{0}G_{k-2l}^{i\infty}|2\leq l\leqk/2-2\rangle_{\mathbb{Q}}\subset\langle G_{k}^{i\infty}, G_{2r}^{i\infty}G_{k-2r}^{i\infty}|2\leq r\leq[k/4]\rangle_{\mathbb{Q}}.$
Imamoglu Kohnen (1.2) $=\mathbb{Q}G_{k}^{i\infty}\oplus S_{k}^{\mathbb{Q}}(2)$
$\dim S_{k}(2)=[k/4]-1$
$\mathbb{Q}G_{k}^{i\infty}\oplus S_{k}^{\mathbb{Q}}(2)=\langle G_{k}^{i\infty}, G_{2r}^{i\infty}G_{k-2r}^{i\infty}|2\leq r\leq[k/4]\rangle_{\mathbb{Q}}$
Lemma 6




double shuffie relation (2. 1-2)
$i\infty$ 2 Eisenstein Theorem 11
$r,$ $s$ $\geq 1$ [6] Theorem 11
Proposition 9 $G_{k-2r}^{0}(\tau)G_{2r}^{i\infty}(\tau)=2^{-2r}((2^{2r}-1)G_{2r}^{0}(\tau)G_{k-2r}(2\tau)-$
$G_{2r}^{0}(\tau)G_{k-2r}^{0}(\tau))$ Lemma 5 Lemma 6
7
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3 Proofs of Theorems
Proof of Theorem 2.
$\mathcal{D}\mathcal{E}_{k}^{(2)}$ :
$\mathcal{D}\mathcal{E}_{k}^{(2)}:=\langle G_{2r,k-2r}^{eoeo}(\tau)|1\leq r\leq k/2-1\rangle_{\mathbb{Q}}.$
2 Eisenstein $G_{r,s}^{eoeo}(\tau)$ $q$- $\zeta^{oo}(r, s)/(2\pi i)^{-r-s}$ (
Fourier ).
$\pi$ : $\mathcal{D}\mathcal{E}_{k}^{(2)}arrow\overline{\mathcal{D}\mathcal{Z}_{k}}^{(2)}:=\langle(2\pi i)^{-k}\zeta^{oo}(2r, k-2r)|1\leq r\leq k/2-1\rangle_{\mathbb{Q}}$
:
$0arrow ker\piarrow \mathcal{D}\mathcal{E}_{k}^{(2)}arrow\overline{\mathcal{D}\mathcal{Z}_{k}}^{(2)}arrow 0.$
$\dim_{\mathbb{Q}}\overline{\mathcal{D}\mathcal{Z}_{k}}^{(2)}=\dim_{\mathbb{Q}}\mathcal{D}\mathcal{Z}_{k}^{(2)}=\dim_{\mathbb{Q}}\mathcal{D}\mathcal{E}_{k}^{(2)}-\dim_{\mathbb{Q}}ker\pi$
$\dim_{\mathbb{Q}}\mathcal{D}\mathcal{E}_{k}^{(2)}\leq k/2-1$ Theorem 10
$G_{2r,k-2r}^{eoeo}(\tau)+G_{k-2r,2r}^{eoeo}(\tau)+G_{k}^{i\infty}(\tau)=G_{2r}^{i\infty}(\tau)G_{k-2r}^{i\infty}(\tau)+\delta_{r,2}G_{k-2}(\tau)’/2^{3}(k-2)$
(Proposition9 (1)) Lemma5
$\mathcal{D}\mathcal{E}_{k}^{(2)}\supset\langle G_{k}^{i\infty}(\tau), G_{2r}^{i\infty}(\tau)G_{k-2r}^{i\infty}(\tau)|2\leq r\leq[k/4]\rangle_{\mathbb{Q}}=\mathbb{Q}G_{k}^{i\infty}(\tau)\oplus S_{k}^{\mathbb{Q}}(2)$
$ker\pi$ $\mathcal{D}\mathcal{E}_{k}^{(2)}$
$ker\pi\supset S_{k}^{\mathbb{Q}}(2)$
$\dim ker\pi\geq\dim S_{k}(2)$ .
:
$\dim \mathcal{D}\mathcal{Z}_{k}^{(2)}\leq\frac{k}{2}-1-\dim S_{k}(2)$ .
Proof of Theorem 4.
theta $T(\tau)$ $\theta(\tau)$ :
$T( \tau):=\sum_{n\geq 0}q^{n(n+1)/2}, \theta(\tau):=\sum_{n\in \mathbb{Z}}q^{n^{2}}$
$s\geq 1$
$T( \tau)^{8s}=q^{S}\sum_{n\geq 0}t_{8s}(n)q^{n}\in M_{4s}^{\mathbb{Q}}(2)=\mathbb{Q}G_{4s}^{i\infty}(\tau)\oplus \mathbb{Q}G_{4s}^{0}(\tau)\oplus S_{4s}^{\mathbb{Q}}(2)$
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$T(\tau)^{8s}$ $\mathbb{Q}\cdot G_{4s}^{0}(\tau)\oplus S_{4s}^{\mathbb{Q}}(2)$
Lemma 6 $\alpha,$ $\mu_{s}(l)(l=2,3, \ldots, s)$
:
$T( \tau)^{8s}=\alpha G_{4s}^{0}(\tau)+\sum_{\iota=2}^{s}\mu_{s}(l)G_{2l}^{0}(\tau)G_{4s-2l}^{0}(\tau)$ .





$= \frac{1}{(4s-2)!}\sum_{n>0}(\sum_{l=2}^{s}\mu_{s}(l)(\begin{array}{ll}4s -22l-1 \end{array}) \rho_{4s-2l-1,2l-1}^{0}(n))q^{n}$
$r_{Ss}(n)$ :
(1) $T(\tau)^{8s}|(\begin{array}{ll}0 -12 0\end{array})=2^{-6s}\theta(\tau+1/2)^{8s},$
(2) $G_{k}^{0}(\tau)=2^{k/2}G_{k}^{i\infty}(\tau)|(\begin{array}{ll}0 -12 0\end{array}).$
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